Abstract. We investigate several extension properties of Fréchet differentiable functions defined on closed sets for o-minimal expansions of real closed fields.
Introduction
In the present paper, which is inspired by the author's doctoral thesis, and which is motivated by [1] , we study extendibility of Fréchet differentiable functions defined on closed sets for o-minimal structures.
In the following, let R denote a fixed real closed field, and let M be an o-minimal expansion of R. Here, "definable" always means "definable with parameters in M". For comprehensive references on o-minimality we refer the reader to [8] and [14] ; these sources are also suitable for those who are not specifically familiar with o-minimality. Classical examples of o-minimal structures are the semialgebraic structure and the structure consisting of all globally subanalytic sets; for recent examples, see [7] , [9] , [11] , [12] , [13] and [15] .
Let R n be endowed with the Euclidean R-norm · and the corresponding topology. Note that R-norm has the same definition as the norm just taking its values in R. The notion of Fréchet differentiability extends to arbitrary sets as follows. If f and ϕ are definable, we speak of definably Fréchet differentiable relative to A.
Recall that a function f is of class Baire 1 if and only if f is the pointwise limit of a sequence of continuous functions. The extendibility of Fréchet differentiable functions was discussed in [1] , whose main result is the subsequent theorem. The symbol ∇ denotes the gradient operator. We study and prove an o-minimal version of the above theorem which reads as follows. 
Then f is the restriction of a definable Fréchet differentiable function F : R n → R.
Note that in the situation described in Theorem 1.4, definability of the set A is needed. There exist closed (non-definable) subsets A of R n and (non-definable) functions f : A → R which satisfy (1.2) but which cannot be extended as Fréchet differentiable functions to R n , cf. [1] . We strengthen the concept of Baire 1 functions as follows. A function f : A → R k is of class definably Baire 1 if there is a definable family of continuous functions
As further application of Theorem 1.3 we obtain the statement below. There are two sections subsequent to the Introduction. The former is devoted to the preparation of the proof of Theorem 1.3, while in the latter one we prove Theorem 1.3, Theorem 1.4 and Theorem 1.5.
Preliminaries
We first study the extendibility on closures of special sets which we call C 
If α ∈ N n we denote by D α the differential operator assigning a sufficiently smooth f to its α th derivative. For the proof of the next lemma, approximation of definable C k functions by C k+ functions is required. This is provided by Escribano's Approximation Theorem which is proved in [4] . 
If X is a definable set, we denote by cl (X) its topological closure and by ∂X := cl (X) \ X its frontier.
Next we show the extendibility of definable Fréchet differentiable functions defined on the closure of certain kinds of C 
Proof. step 1:
Property (1) implies that G is continuously differentiable and, by construction, G is definable. In addition,
step 2:
, and letε : Z → (0, ∞) be the definable continuous function defined byε(x, y) = min(1, y 2 ). We apply Theorem 2.2 to G restricted to Z with k = 1, = 2 and ε =ε/ √ n, so that we obtain a C 3 function H : Z → R which satisfies the inequalities (2.6)
Let dist(−, −) denote the Euclidean distance function where we allow sets to be the second argument. We further select a function ρ ∈ C 3 (R d , [0, ∞)) which vanishes outside X and which satisfies for every x ∈ X the inequality
such that ψ equals 1 on the interval [0, 1/2] and vanishes on [1, ∞).
F is definable by construction. Let
According to the construction, F vanishes outside B so that property (a) is evident. The choice of the functions ψ and ρ implies that the function F is C 3 smooth in Z; obviously, F is C 3 smooth in the complement of cl (B). Thus, F is C 3 smooth outside cl (X) × {0}, which proves property (b).
Note that
This implies (c).
It remains to prove the Fréchet differentiability of F at every point of ∂X × {0}. For (x, y) ∈ B, y is bounded by ρ(x), and both ε and ψ are bounded by 1. Hence,
For every z ∈ ∂X, property (2) now implies that
Therefore, F is Fréchet differentiable at all points of ∂X × {0}.
The derivatives of Fréchet differentiable functions defined on non-open sets are in general not unique, which calls for a generalised version of the chain rule. In this connection, definability is not required. 
Proof. We fix x ∈ X and set ξ := f (x). By assumption, there are functions
and φ f respectively φ g satisfy
Let ε > 0. We select a positive δ which is that small that for any y ∈ X with y − x < δ,
Hence, h is Fréchet differentiable at x relative to X with formal derivative θ(x).

We generalise the notion of continuous differentiability to functions with nonopen domain. A definable function f : A → R is called a C m function if there exists a definable open neighbourhood U of A together with a
If λ is a C 
Then there is a definable Fréchet differentiable function
If Y consists of a single point y, ∂Y = ∅. We select a C 3 function ψ : R → R which vanishes outside (−1, 1) and equals 1 in (−1/2, 1/2). We further select an ε > 0 such that the ball with radius ε and centre y is contained in U . Then the definable function F : R n → R given by
satisfies the conclusion of this lemma. In all other cases,
Lip mapping. We define the function λ :
Lip function with C 3 Lip smooth inverse. Therefore, both λ and λ −1 extend continuously to definable Lipschitz continuous functions defined on the closure of X × R n−d . The bijectivity of both functions is preserved. step 1: Reduction to the situation of Lemma 2.3. We define the functions g : cl (X) × {0} → R and γ : cl (X) × {0} → R n by
and γ(x, 0) := 0 for x ∈ ∂X.
Firstly, since λ is Fréchet differentiable in Y , we obtain Fréchet differentiability of g together with γ relative to X × {0} by Lemma 2.4.
Secondly, λ is bijective. Let L be a Lipschitz constant for both λ and λ −1 . Then,
Thus, g together with γ is Fréchet differentiable relative to cl (X) × {0}.
Both λ and ϕ are C 2 functions so that γ is C 1 smooth in X. Therefore, g together with γ satisfies the conditions of Lemma 2.3.
step 2: According to Lemma 2.3 there exists a definable Fréchet differentiable function
We now define the function F :
0, otherwise.
step 3: Verifying properties (a), (b) and (c). The support of F is a subset of cl (λ(W )) ⊂ cl (U ), and therefore (a) applies.
Th function F is C 3 smooth in R n \ cl (λ(W )) and in (X × R n−d ) \ cl (Y ). Hence, F is C 3 smooth outside cl (Y ), which proves property (b). Of course, F is Fréchet differentiable at all y ∈ Y , and, by Lemma 2.4,
Hence, F is Fréchet differentiable at all points of cl (Y ), that is, (c) is evident.
Proofs
The proof of Theorem 1.3 reverts to the concept of C m Lip stratification which we introduce next. A detailed discussion about dimension in o-minimal structures can be found in [14] Chapter 4. We need the fundamental estimate between the dimension of a definable set and its frontier. If X is definable, then, by [14, Chapter 4 Theorem 1.8],
This in connection with Property (2) of the definition of stratification implies that for each stratum S there is a definable open neighbourhood U of S, which is disjoint from every stratum S = S with dim(S ) ≤ dim(S).
A further interesting property of a definable function f is, that the domain can be partitioned into finitely many definable sets, such that the restriction of f to any of these sets is a C m function, cf. [14, Chapter 7.3] . If f : cl (A) × {0} → R is the zero-function, then f together with ϕ is definably Fréchet differentiable relative to the definable closed set cl (A) × {0}. By applying Theorem 1.3 to f and ϕ, there is a definable Fréchet differentiable function F : R n+1 → R such that ∇F | cl(A)×{0} = ϕ. As g(a) = ϕ n+1 (a, 0) for a ∈ A, and as Fréchet derivatives are of class definably Baire 1, the statement of the theorem is evident.
